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Abstract. We construct an explicit bundle with flat connection on the configuration space 
of n points of a complex curve. This enables one to recover the 'formality' isomorphism 
between the Lie algebra of the prounipotent completion of the pure braid group of n points 
on a surface and an explicitly presented Lie algebra ig^„ (Bezrukavnikov) , and to extend it 
to a morphism from the full braid group of the surface to exp{tg,„) xi Sn- 



Introduction 

One of the achievements of rational homotopy theory has been a collection of results on 
fundamental groups of (quasi-)Kahler manifolds, leading in particular to insight on the Lie 
algebras of their prounipotent completions ([Su, Mo, DGMS]; for a survey see [ABCKT]). 
These results are particularly explicit in the case of configuration spaces X = Cf„(M) of n 
distinct points on a manifold M ([Kr, FM, To]). In the particular case where M is a compact 
complex curve, they were made still more explicit in [Bez] (see also [Ko] for the case M = C). 
In these works, a 'formality' isomorphism was established between this Lie algebra, denoted 
Lie7ri(X), and an explicit Lie algebra tg_„, where g is the genus of M (t„ when M = C). 

All these works take place in the framework of minimal model theory. However, alternative 
proofs are sometimes possible, based on explicit flat connections on X. Through the study of 
monodromy representations, such proofs allow for a deeper study of the algebra governing the 
formality isomorphisms, as well as for their connection to analysis and number theory. 

In the case X = Cf„(C), a construction of the formality isomorphism Lie7ri(X) ~ t„, 
based on a particular bundle with flat connection on X, can be extracted from [Dr]. This 
flat connection is at the basis of the theory of associators developed there; when certain Lie 
algebraic data are given, it specializes to the Knizhnik-Zamolodchikov connection ([KZ]). When 
X = Cf„(C), where C is an elliptic curve, a bundle with flat connection over X was constructed 
in [CEE] (see also [LR]) and an isomorphism Lie7ri(X) ~ ti_„ was similarly derived; this 
flat connection specializes to the elliptic KZ-Bernard connection ([Berl]). The corresponding 
analogue of the theory of associators was later developed by the author. 

The goal of the present paper is to construct a similar explicit bundle with flat connection 
over X = Cf„(C), C being a curve of genus > 1, and to derive from there an alternative 
construction of the isomorphism of [Bez]. We flrst recall this isomorphism (Section 1). We then 
recall some basic notions about bundles and flat connections in Section 2, and we formulate 
our main result: the construction of a bundle Vn over X with a flat connection axz (Theorem 
3), in Section 3. There we also show (Theorem 4) how this result enables one to recover the 
isomorphism result from [Bez] , as well as to extend it to a morphism from the full braid group 
in genus g to exp(tg^„) x Sn- Section 4 contains the explicit construction of the connection aKZ- 
The rest of the paper is devoted to the proof of its flatness. Section 5 is a preparation to this 
proof, and studies the behaviour of aKZ under certain simplicial homomorphisms. Section 6 
contains the main part of the proof, while Section 7 contains the proof of some algebraic results 
on the Lie algebras tg_„ which are used in the previous section. 
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We hope to devote future work to applications of the present work to a theory of associators 
in genus g, as weU as to relation with the higher genus KZB connection ([Ber2]). 

The author would like to thank D. Calaque and P. Etingof for collaboration in [CEE], as 
well as P. Humbert and G. Massuyeau for discussions. 



1. Formality results 

Let g >0 and n > be integers. The pure braid group with n strands in genus g is defined as 

Pg,n '■= 7ri(Cf„(S'), x), where S is a compact topological surface of genus g without boundary, 
Cf„(S') = 5" — (diagonals) is the space of configurations of n points in S, and x G Cf„(5'). The 
corresponding braid group is Bg^n = 7ri(Cf[„](S'), {a;}), where Cf[„](5) = Cf„(5)/6'„ and {x} is 
the S'„-orbit of x. 

If (? > and n > 0, define tg,„ as the C-Lie algebra with generators^ {v € V, i £ [n]), tij 
{i j ^ ^■iid relations : w i->- is linear for i £ [n], 

[v\w^] = {v,w)tij for j £ [n], v,w &V, 

a 

a=l 

[v'',tjk] = for i,j,k S [n] different, v £V. 

Here (V, (— , — )) is a symplectic vector space of dimension 2g, with symplectic basis {Xa,ya)ae[g] 
(so {xa. yu) = Sat), ig.n IS equipped with a N^-degree given by \xl\ = (1,0), \yl\ = (0,1). The 
total degree defines a positive grading on tg^n', we denote by ig,n the corresponding completion. 

Theorem 1. (|Bez] j There exists a morphism Pg^n exp(tg,„), inducing an isomorphism of 

Lie algebras Lic(Pg.„)'^ ^ ^g.n- 

Here Lie T is the Lie algebra of the prounipotent (or Malcev) completion of a finitely gen- 
erated group r and V'^ is the complexification of a (pro-)finite dimensional Q-vector space 
V. 

The proof of [Bez] uses minimal model theory. The purpose of this paper is to reprove this 
result using explicit flat connections on conflguration spaces. 



2. Principal bundles and flat connections 

Let X be a smooth manifold, x € X, set F := 7ri(X, x). Let Go be a complex proalgebraic 
group, 00 be its Lie algebra. Fix a morphism F ^ Go- It gives rise to a principal Go-bundle 
Pq ^ X, equipped with a flat connection Vq. 

Let [/ be a prounipotent complex group, equipped with an action of Go and G := [/ x Gq. 
Let u, Q be the corresponding Lie algebras, then g = u xi go- These Lie algebras are equipped 
with decreasing filtrations u = D D • • • and g = 0° D D D • • • (with the convention 

Let (P, V) := (Pq, Vq) G be the principal G-bundle with flat connection over X obtained 
by change of groups. The set of flat connections on this bundle is = {a G ^^{X, a.AP)\da = 
a A Of}, where adP = P g. The filtration of g induces a decreasing filtration adP = 
(adP)° D (adP)^ D • • ■ and we set 7"^ := J" n 9}{X, (adP)^). Then holonomy gives rise to 
a map — > Def(po) := {lifts p : F ^ G of po}- A lift of po is a morphism F A G such that 
(F 4 G ^ Go) = (F ^ Go). 



^We set [n] := {1, . . . ,n}. 
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In the particular case where u is graded (u = ©i>iUi, where [ui,Uj] C Ui+j), (adP)^ is 
graded: (adP)i = ®i>i(ad P)», where (ad P), = Pq Xgo u,. Then J^i := J"! nf7i(X, (adP)i) = 
{a e n^{X, (adP)i)|da = a A a = 0}. 

We obtain in particular a map J^i Def(po)- The morphism p associated to a expands as 

/■7X 

Pil) = Poil) exp( / a + (element of u^)). (1) 

J X 

Let S be a finite group. Let Pq — >■ -'^ be a principal bundle over a smooth manifold X with 

underlying group Go- Assume that the situation is S-cquivariant, i.e.: S acts by automorphisms 
of Go and X, and the action of S lifts to Pq compatibly with its action on Gq. Assume that 
the action of S on X is free, and let X := XjV be the smooth quotient. Then Pq X/T = X 
is a Go XI E-bundle. An cquivariant connection on Pq — > X induces a connection on Pq X, 
and therefore a morphism Tri(X) Go x S, such that 

7ri(X) 4 Go 
i i 
TTliX) ^ Go X S 

commutes. 

The set of flat connections on Pq ^ X is the set of flat equivariant connections on Pq X, 
i.e., J^''" = J^nn^{X,adPo)^. 

Let G = [/ X Go as above, and assume that E acts compatibly on U and Go, and therefore on 
G. Then (P, V) = (Pq, Vo) ^Gq G is a S-equivariant G-bundle over X, and therefore a G x E- 
bundle over X = X/T,. Set J'^'''^ := then holonomy gives a map J"^'''^ Def (po, Po), 

by which we understand the set of pairs {p,p) lifting {po,po), such that 

7ri(X) 4 G 

i ^ ^ 

mix) 4 G X E 

commutes. 

If u is F-equivariantly graded, then J"]"' = J'lnJ'^'^^ = {a G Cl^{X,Po XGoUi)^\da = aAa = 
0}. Holonomy gives a map J"^' — > Def(pojPo)- 

3. The main results 

3.1. The structure of some Lie algebreis. Let g > 1, n > be integers. 

Lemma 2. Let u := ®p>o,q>o^g.n[p, q], then there is an isomorphism tg,„ ~ u x f®", where fg 

is the free Lie algebra with g generators. 

Proof. Let {Xa)ae[g\ be the generators of fg, then there is a unique morphism f®" — >■ tg^„ 

with where x i-^- a;^'' is the ith inclusion fg f®". On the other hand, the quotient 

^g,n/{ya:0' € [5])^ G W) is presented by generators a;^, a G [g], i G [n] and relations [a;„,a;^] = 
for i ^ J, hence is isomorphic to f®". As the composed map f®" tg_„ — >■ f®" is the identity, 
tg,„ ~ Ker(tg,„ ^ f®") X f®". The result follows from Ker(tg,„ ^ f®") = u. □ 

We set Go :~ cxp(f®") and G := exp(tg.„) ; these groups arc as in Section 2. 

3.2. Flat connections on configuration spaces and formality. Deflne TTg := {Aa,Ba,a G 

[5]inLl(^a,Sa)=l). 

Assume that the following data is given : 

• a smooth, closed complex curve G ; 

• a point a; = (a;i, . . . , a;„) G Cf„(G) ; 
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• a collection of isomorphisms ni{C, Xi) -Kg, such that the resulting isomophisms tti (C, a;, ) — >■ 
TTi{C,Xj) are induced by a path from Xi to Xj. 

We set X := C" — (diagonals), F := 7ri(X, a;) as in Subsection 2. Then F ~ Pg,n- 

Define po : Pg^n — > exp(f®"') = Go as the composite map Pg^n = 7ri(Cf„(C), x) 7ri(C", x) = 

riieira] ""iC^' •^«) ~^ '^^ ^ ^ 6^P(fs)" = where i^g is the free group with generators 
7o,« G [g], TTg — > is the composite of the quotient morphism TTg — > tTq/N, where A'' is the 
normal subgroup generated by the Aa, a <E [g] and Hg/N -^Fg, Ba 7a is the isomorphism 
arising from the presentation of iTg/N , and Fg cxp(fg) is given by 7a H> exp(.Ta). 

The principal G-bundle with flat connection on X — Cf„(C) corresponding to po (analogue of 
(P, V) in Section 2) is then i*(P„), where i : X C" is the inclusion and {Vn G") = {V? 
G)" Xexp(fg)" 6xp(tg^„), where {Vi — >■ G) is the principal exp(fg)-bundle with fiat connection 
corresponding to the above morphism -Kg ^ Fg ^ exp(fg). 

The set of flat connections of degree 1 is then 

Ti = {a& 0^(G" - (diagonals), P„ Xad tg,„[l])|da = a A a = 0} 

and its subset of holomorphic fiat connections is 

J-^' = {ae H'^iC^, 0^42 O {Vn Xad tg,„[l])(*A))|rfa = a A a = 0} 

where A = J2i<j ^ij ^ij C G" is the diagonal corresponding to In Subsection 4, we 

will show: 

Theorem 3. A particular explicit element axz € can be constructed as a sum 

n 

aKZ = ^ai, (2) 

i=l 

where e H°{C,K^^ (g) (P„ Xad tg,„[l])(X]j:j^i A^)) expands as ai = Y^a^^g^i^a^vl modulo 

®9>2ig,n[l,'7]- 

Here K^^^ = d^''^ ^Kc^ C»^"-\ ujf = 1®*"! (g) Wa O 1®""% where (wa)ie[g] are the 
holomorphic diff'erentials such that Wb = ^af, and Aa^Ba are the images of Aa,Ba under 
TTg^Trf ~/fi(G,Z). 

The group Pg^n is the kernel of the morphism Bg^n Sn- According to [Bell], i?g,„ is 
presented by generators Xa, Ya, (Ti (a G [n — 1]) and relations 

criCTj+iCTi = cri+io-,cr,+i if z e [n - 2], (cTijCTj) = 1 if |i -j| > 1, (3) 
{Xa, ai) = {Ya, a,) = lifi> l,a€ [g], (4) 
{a^'Xaa^\Xa) = {a^'Yaa^\Ya) = 1 ii a e [g], (5) 
{a^'Xaa^\Xt,) = (ar'X„ar\n) = {a^'Yaa^^X^) = {a^'Yaa^^Yt,) = 1 if a < 6, 

(6) 

(ai(X„)-Vi, {Ya)-') = a? if a e [ff], (7) 

l[{Xa,{Ya)-') = a,---al_,---a,. (8) 
ae[s] 

The morphism -Bg.n S'n is given by Xa,Ya ^ 1, cr-i ^ Si := {i,i + 1). It is proved in [Bell] 
that Pg^n is generated by X^, Ya {i G [n], a G [g]), where = a~\ ■ ■ ■ a^'ZaO^' ■ ■ ■ (J^\ for Z 
any of the letters X, Y. 
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One can prove that the group with the same presentation as Bg^n together with the additional 
relations af = 1 {i & [n — 1]) is isomorphic to (tt^)" yi Sn- It follows that there is a natural 
morphism Bg^n (""g)" ^ ^n, which restricts to Pg,„ — > tt^. The images of Xl,Y^ under this 
morphism are then Aa\Ba \ where 7 n- 7*^*^ is the ith inclusion tt^ T^g- 

In view of the expansion (1), the morphism p : Pg n G = exp(tg.„) associated to Ukz is 
given by ^ e^'^+'s." , ^ e^+^o ^""f ^tl.i , where Tab = Jq^ Wfe and t}^^ = ®p+q>2tg,n [p, q] ■ 

By a standard argument, we derive from Theorem 3 the formality of Pg,n- 

Theorem 4. (see also [Bez]) The morphism (LiePg^n)*^ — > tg,„ induced by p is an isomorphism 
of filtered Lie algebras. 

Proof. Recall the properties of prounipotent completion. If F is a finitely generated group, 
its prounipotent completion is a Q-group scheme r(— ). There is a group morphism F — >• F(Q) 
universal with respect to the morphisms F — >■ U{Q), where U{—) is a prounipotent Q-group 
scheme. In particular, p gives rise to a morphism Liep : (Lie Pg^^)"' — >■ tg,„ and induces a 
morphism grLiep : (grLicPg,„)'^ ig,„. 

Let log : F -> LieF be the composed map F F(Q) '-^ LieF(Q). gr^(LiePg,„)'^ contains 
classes [logX?], [logY^"] and grLiep takes these elements to y*, + ^f^TabVl, which generate 
tg,„, hence grLiep is onto, hence so is Lie p. 

Lemma 5. There is a unique morphism tg,„ — > grLiePg,„, such that x\ ^ [logX^], 1-^ 

[iogi;i. 

Proof of Lemma. Set Xa := logX^ e LiePg,„, ya := log Fa G LiePg,„. 

The morphism B„ Bg,n defined by ai i-> cTj restricts to a morphism P„ — > Pg,n. The group 
im(P 

n Sn ^ ■Bg,n) (the iiiclusion is Sn—1 Si X Sn-i Sn) is generated by im(P„ -> 

Pg.n) and the (Tj, i > 2. Relations (4) then imply that for any g G im(P„ Xs„ Sn-i Bg^n), 
gxag^^ = Xa, gyag~^ = Va modulo P^LiePg,„ (we set P^g = g, P'+^g = [fl,P'0] for g a Lie 
algebra). This implies that the classes modulo P^ Lie Pg^„ of TiXaT^^ , TiyaT^^ are independent 
of the choice of e im(P(z) Bg,n), where B{i) = Bn Xs„ S{i) and S{i) = {a € /S'„|fT(l) = i}. 
We denote by x^jV^ G gr^ Lie Pg,„ these classes. 

Let ti2 '■= logcr^ e Lie Pg,„. Relation (7) implies that ii2 G P^ Lie Pg,„. We denote by ti2 
the class of ii2 in grj Lie Pg_„. The group im(P„ Xs„ (S'2 x Sn-2) Bg^n) is generated by 
im(P„ Bg n) and ai,as, . . . ,(T„_i. Then relations (3) imply that for any i ^ j, the class of 
Tijii2T^^ is independent of the choice of G mi{B{i,j) — Bg^n), where B{i,j) = BnXs^S{i,j) 
and S(i,j) = [a G S'„|(t({1, 2}) = {i, j}}. We denote by t^J e gr2 Lie Pg^„ this class. 

Relation (3) implies (XojCrl) = {Ya,o'2) = 1 (relation in Pg^n), which yields by taking log- 
arithms and classes modulo P* Lie Pg^„ the relations [x^,t23] — [2/^7^23] = in grg Lie Pg,„. 
Conjugating these relations in Pg,n by Tijk € im(P(i, j, k) Pg,n), where B{i,j, k) = Bn Xs^ 
S{i,j,k) and S{i,j,k) = {a £ 5„|(t(1) = i,<j{2) = j,cT{k) = k} and applying the same proce- 
dure, one obtains the relations [x^,tji^] = [y^ ,tji2 = 0. 

Similarly, relations (5) imply by taking logarithms and classes modulo P^ Lie Pg,„ the rela- 
tions — [y^,J/^] = in gr2LiePg_„. Conjugating these relations by Tij £ im{B{i, j) — > 
Bg^n) and applying the same procedure, one obtains the relations [xj, ,3;^] = J/;^] — for any 

i ^ j] In the same way, relations (6) yield relations [SaiSbl = [S-aiy^] = [j/l'^tl = for a ^ 6 
and i ^ j. 

Finally, relation (7) implies by taking logarithms and classes the relations = ti2, and 

by conjugating beforehand by an element of im(P(j, z) — >• Pg,„) the relations [^^,?/^] = t^J, and 
relation (8) implies EakL^l] + J2r.j^^^ij = 0- 
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All this implies that there is a unique morphism ig ,^ — > gr Lie Pg,„, such that xf i-^ x*, 

^ yl n 

End of proof of Theorem. There is a unique automorphism 9 G Aut(i5,^„), such that a;^ ^ y^, 
yl*-^ ^1 + Taby'b- The composed morphism gr Lie Pg,„ s^i^cp ^^^^ ^^^^ _^ ^^.^ ^^^^ takes 
[logX*], [logFJ] to themselves; as these elements generate grLiePg,„, this is the identity. It 
follows that grLiep is injective. So grLiep is a filtered isomorphism. □ 

Using ^n-equivariance, the holonomy morphism Pg_„ exp(tg^„) may be enhanced as fol- 
lows. 

Note that the bundle i*{Vn) Cf„(C) is S'n-equivariant, so it gives rise to a exp(tg^„) x Un- 
bundle i*{Vn) Cf[„](C). The 1-form aKZ is ^n-equivariant, so the monodromy representa- 
tion Pg^n '3xp(tg_„) extends to a morhism 

p : Bg^n -> exp(tg,„) X Sn- (9) 

The undeformed version po of p is constructed as follows. There exists a unique morphism 
-Sg,n — >■ X 5„, such that 

commutes. Then (Bg,„ 4 exp(fg)" x Sn) = {Bg^n ^> tt^ x S'„ ^ x S'„ ^ exp(f„)" x 5„). 

4. The construction of ukz 

4.1. The geometric setup. Pick xo in C. Fix an isomorphism 7ri(C, Xo) ^ % compatible 

with the isomorphisms Tri{C,Xi) ^ TTg. Let Cuniv A C be the universal cover of C, then 
the choice of a lift of xq gives rise to an isomorphism Autp ~ 7ri(C, xq), and therefore to an 
isomorphism Autp ~ TTg. Let C :— Cuniv/^i then C ^ C is a covering with group Fg = iTg/N. 

There is a unique isomorphism TTg ~ {Aa, Ba, a G [g]\Ai ■ ■ ■ Ag = {BiAiB^^) ■ ■ ■ {BgAgB~^)), 
given by 

i„ = (H B,A^'B^').A,il[ B,A^^B^^)-\ B„ = ([] B,Al^B^^).BA\{ B,A^'B-')-\ 

b<a b<a b<a b<a 

Cut out on C and with homotopy classes Bi, Ai, B^^, Bg, Ag, B~^, A~^,--- ,A^^. 
The lifts of these loops to C are a collection of successive paths pi, Ai, Pi^, Pg, Ag, 
p~^, 7f^(^i)~^, "ig^{Ag)~^. They cut out a fundamental domain D c C, such that 

dD = Uae[g]AaU^-^{Aa). 

The residue formula is then 

^respM+ J2 I (7a-l)M=0 

for (jj any meromorphic differential on C. 

4.2. Conditions on ai and its properties. Let z = {z\, . .. , Zi-i,Zi+i, . . . , Zn) € C""^ Xc-n-i 
Cf„_i(C). Let z denote also the divisor zi + \- Zn of C. 

Lemma 6. There exists a unique e H°{C,Kc{z)) ^ig^nil-], such that 
•Vae[fl],7aK)=e-'i<(a|), 
• Vj ^ i,ies^.{a^) = tij, 



FLAT CONNECTIONS ON CONFIGURATION SPACES AND BRAID GROUPS OF SURFACES 



7 



Let Ai be the divisor of C", preimage of = A^i + • • • + Ai„ under p : C" — )• C". 

C^~\Ai))®tg,rv, such that (a;i)|(^^,._,^_^)^cx(z,+i 



There exists a unique G H°{C"-, i^^^(Aj))(8)tg,„, such that (ai). 



a-. 

Proposition 7. For i e [n] and a G [5], 7^(ai) = e'^'^^^aj), so that G H°{C'^,K^(i^ 
ad'P„(Ai)). One also has resij(a,) = tij. 

For X a variety and S^CxCxXa. bundle, the residue is a map H°{C x C x X, (Kc ^ 
Oc(*A) m Ox) (E>£) ^ H"{C X X,{px idx)*(£')), where p : C ^ C x C is the diagonal map 
and A C C X C is the diagonal divisor. One similarly defines reSjj : H^{C^,k'q ® £{*Aij)) — )• 
H'^{C'"~^,p*j{£)), where pij : C"~-^ C" is the composition with the map [n] [n - 1], 
inducing an increasing bijection [n] — ^ [^^ ~ 1] ~ {1} ^^'^ such that i,j 1. 

4.3. Geometric material. An element a G H'^{C"', K^\Ai)) will be denoted a{zi,. . . , Zn)dzi = 
Q,zi...z....z„ r^Yic action of 7 G i^g on this space, induced by its action on the jth component of 
is denoted by = 7^^^^. When n = 2, one sets (zi, Z2) = [z, w). 

Lemma 8. There is a unique family oj^... a, G H^{CxC,K^^O^{A)), wheres > l,(ai,... ,as) G 
[gY, such that: 

»forn = 1, Wa = Wa/ 

• 

^{z)(ljjzw W \^ i_A ijjzw 
la y^ai...asJ / j i.i'^aai---ak^akj-T ■■■a«' 

k>0 

• res2=^(a;i^..aj = -^82^0102- 

Proof of Lemma. By the residue formula, the conditions on oj§^...as are 

1 

ila^ - ^)^§7-a, = ■rT<5aai...afcWf^+i...a3' / '^aZ-a, = bs6aai...a,, 
k>l 

where X^fc>i hkt*'~^ = t/(e* — 1). Assume that the ijJ§Z--at are determined for t < s and let us 
show that this condition determines the wf^. a, uniquely. 

The uniqueness of ui^Z-.a^ satisfying these conditions is clear. Let us prove their existence. 

Define a vector bundle Cg over C inductively by £0 = Kc, 

T{U,jCs) = T{U,Kg)\3{aa)ae[g] G T{U,Cs-iy, s.t. Va G [5], (7a - 1)^ = a J, 

where for any open subset U C C, U := C Xc U. It fits in an exact sequence — >■ Kc — >■ 
Cs — > ^ 0. For each point «; G C, it gives rise to the exact sequence H'^{C, Cs{w)) — 

H^{C,£s-i{w)y H\C,Kc{iv)). By Serre duality, H^(C,Kc{w)) = 0, which implies the 
surjectivity of the first map, hence the existence of the ojfZ.-.as ■ One then proves easily that the 
wf^..o3 depend meromorphically on w. □ 

Lemma 9. f^Fay], Cor. 2.6) There exists a unique tp^ e H^\C x C,K^^{2Aj), such that: 

• ip— expands as dzd^ log{z — w) + 0{1) at the vicinity of the diagonal; 

ijj— is called the basic bidifferential in the theory of complex curves. 

Lemma 10. There is a unique family ijj^... a, € H°{CxC, K^'^{2A)), wheres >0, (ai,... ,as) G 
[gY , such that: 

• ifs = 0, then il>^...a, = ip—, 



8 



BENJAMIN ENRIQUEZ 



la yrai-.M,) — , |"ooi...afc<A'afc+i...o 



k>0 

/•z I zw ri 
V-STT-a, = 0. 

• ipoT-.-as "is regular at the diagonal ofCxCifs>l. 

It satisfies the identity 

j^mz = (_iY^zw 

r^ai...as V -^z r'as---ai 

Proof. The uniqueness of the family (V'ir:..os) is clear. As for existence, it suffices to set 

V'if ..a, = -rfu;(wf^..a,6fc) any b G [g]. 

The identity ■ip^...a^ — {~'iyipTr...ai can be proved as follows. When C* = — {eta, /3a, a G 
and 7a are defined by = ?af5f^, where (ga)ae[g] are formal variables, ^p§f...a, = 

J2'yeF, fai...as dh'^^'^d^dyj log{z - w), where 

Joi...asWei let ) ~ / j „ i _| "eiOi-.-Osj "etaaj^ + ... + sj_j ...a, • 

So /a3-ai(7"^) = (-l)Voi-a,(7), and since 7^^^c^zC^«; log(^; - = (7"^)'"'^c^zC^«; log(^; - it 
follows that 

This identity holds on the set of Mumford curves, which is a formal neighborhood of the locus 
of totally dc!gc;nc!rate curves in the moduli space of triples {C,Xo,'Ki{C,Xo) -Kg), so it holds 
on the whole moduli space. □ 

Define ?AfI"'"a,, e H^{&,K^^\Ki2 + A13)) by Vfl"^a, = /J V'trT-a^, where the integration 
is on the second variable. This is well-defined because tpo^---as = 0. Then the identity 

, ZWw' , , zw' w" I ZWw" T 1 1 

Wax. ..a, +^/'ai...a, = Vai...ae holds. 

Lemma 11. a) If ag-i ^ Ug, then oj^...a^ is constant in the second variable, hence arises from 
an element of H^{C,Kq). 

zw ( — 1)'^+-^ 

k>o y'' + ^>- 



Proof. One proves inductively on s that a;ai...a„ — '^ai...aa = 0. Indeed, if this is true for all 
indices t < s, then this difference satisfies (7^^'' — l)a- = 0, = 0, which implies a- = 0. 

This proves a). 

Let us prove (10). The identities '^s^..ai = (— l)*V'ii^..as and 

^{z)j^zw \ " }_X JjZW 

la Vai...a^ ^| "aai...Ofc V^ofc+i.-.a^ 

fe>0 

imply (7!"'^ - l)V'lr:..a, = J2k>o '^{k+iy. ^aa,-a,^u'4^...a,^k-i^ SO the images of both sides of 
(10) under coincide. Assume that (10) has been proved at all orders t < s and consider this 

. 1 ... .1 AT/ ZW ZW \ , ZW I ZW r\ zw ZW 

identity at order s. As dw[w-^ ^^^^^ - ujai...asccj = W'S^.-.a, - Vdr-.a, = 0, - Wai...a<,cc 

is independent of w, so (l.h.s. - r.h.s. of (10)) is a differential in z depending on a,ai, ... ,as 

z ( z^ 

only, which we denote feai...a3. Applying 7e — 1 to both sides of (10) and using the induction 
hypothesis, one obtains {-yi^^ — l)5§ai...a^ = for e € [g]. The differential S§ai...as is necessarily 
regular, as it is regular on C — {w} for any point w, so it belongs to H^{C, Kc). To compute 
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it, it suffices to evaluate the integrals of both sides of (10) on a-cycles. When s > 1, utf^ ^ 
is regular at z = w, so (l.h.s. of (10)) = 0. On the other hand, (r.h.s. of (10)) 

= Saai...ascJ2k>o (fc+1)! ^«-fe+i = ^- feai...a, = for s > 1. A similar computation yields 
the same result for s = 0. □ 

Proposition 12. 

zw zw' ( zww' 

^ai...asbb ~ '^ai...a,bb — ^ai-.-a,' 

la \Vai...as> ~ / j i.| "aai ■■■afc V^afc + i . . .a„ i 

fe>o 

la \H^ai...as) ^| "aas-a,-k+iyaT...a,-k ^ / j j^j "aas---<i,_fc+2'^ai...Os-ji+io' 

fe>0 ' k>\ 

where is Kroneeker's delta (= 1 by convention if t — 1). 

Proof. The first identity follows from V'fr. as = ~^w{^a7 asbb) integration. The second 
identity follows from ji^'^tp^Z-as = Z)fc>o H<^aai...afcV'if+i--a. by integration. Let us prove the 
third identity. One checks that d,„ (l.h.s. - r.h.s.) = d,„' (l.h.s. - r.h.s.) = 0, so (l.h.s. - r.h.s.) 
depends on z only. Aforeover, l.h.s. = ji^ ^('^f^ a bb ~ ^a^ a 6fe)' while (second sum of r.h.s.) 



= -(7a - l)w- ...a^feb- It follows that 



(i.h.s. - r.h.s.) = 7i-^u>z.a.bb - ^^^HtaM - E 4^^-,...a._.,. vtr:!-. 

is antisymmetric in w,w'. All this implies that (l.h.s. - r.h.s.) =0. □ 
4.4. Construction and properties of aj. Set 



Zl-.-Z- 



s>0, B>0, 

It follows from the first identity of Proposition 12 that the r.h.s. is independent on w, which 
justifies the chosen notation. 

Proposition 7 then follows from the identities of Proposition 12, together with the identity 

[x^ + xi^,tij] = (see Lemma 18). 

5. SiMPLICIAL BEHAVIOR OF aRZ 

Let G C ig^n be the Lie subalgebra generated by the + v^, v'^, k > 3, v £ V. Then 
ti2 € Z{Q). One checks using the presentation of tg.n-i that there is a unique Lie algebra 
morphism ig,n-i G/Cti2, x i-> x^^'^'- - such that for v & V, (^;i)i2,3,... ,« ^ ^^2^ 
(^fc)i2,3,... ,n ^ for > 2. In particular, {t^kf- = + t2,fe+i, (ife/)''- = U+u+i 

for fc, Z > 1. We denote the same way the composed linear map tg,n-i Q/'Cti2 — )■ tg,n/Cti2- 

When the number of marked points is n — 1, a^~^^ identifies with a differential a^~^^ S 
^"((7"^^, isri^\Ai2 + ••■ + Ai^„_i)) (g) tg,n-i- Applying the above linear map, one gets a 
differential 

(a("-lV2,3,... ^ H\C'-'\Kf{K,2 + ■■■+ Kn-l)) ® (t<,,„/ai2). 

If w is a rational differential on C, let uji := l®*~i (g)w(g)l'^"~* be the induced rational section 
of k'^^^ on C". 
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Let pi2 : C"~^ C" be {zi,... ,Zn-i) i-^ {zi, zi, Z2, ■ ■ ■ ,Zn-i). Then A12 C C" is the 
image of pi2. 

If u) is nonzero, then as the behavior of = a-"^ {i = 1, 2) on A12 is = fi2dzi log(2;i — zj) 
+ regular (with = {1,2}), ^(a;ia2 +LU2011) is regular at A12. We set 

&U, = — (wia2 + a;2ai)|Ai2! 

which may be viewed as an element of r™t(C'"-\ if^^^) ® tg,„ (where r^ttt means rational 
sections). 

a^^ satisfies the identity Stf^ = — (ti log /) 1*12, which implies that the class of a^^ modulo 
Cti2 satisfies 

[a^] e H''{C^-\Kff ® (A12 + • • • + Ai,„_i)) ® (tg,„/ai2) 

(as uj can be chosen regular at any point of C), and that this class is independent of oj. 

Wc will prove: 

Proposition 13. (^^""^^^'^'■■' = 

Proof. Denote the two sides by Ui, i = 1,2. They have the same automorphy properties, 
namely 7f(ui) = e'''^(^»+^»^(Mi), j^{ut) = e*'*^»^^(wj) for k > 2. They have the same poles, 
resAife — ti,k+i+t2,k+i for k>2. For z G D""^ C C"*"^, we restrict the two sides to (5 x {z} 
and show that the resulting forms q;| have the same integrals along a-cycles. 

Lemma 14. If k is even or 1, then {a,d xl)'^ {yiy^'^'--- = {a.dxl)''{y^) + {adxl)'^{yl). 

Proof of Lemma. 

{adxD'iyl)''^''-'- = i^dxiriyl) + {adxl)'{yl) 

k-l 



+ ^(ad(xi+x2))'=-i-'(adxD(adxi)'(z/i) + (ad(x^+x2))^-i-'(adxi)(adx^)'(z/2) 
1=0 

= {adxinyl) + {adxl)''{yl) 

fe-i 

+ 5](ad(xi + xl))''-'-^{adxiy{h2) + {^d{xl + xl))'^-'-\adxiy{h2). 



1=0 

Us > 0, then {ad{xl + xl)nadxl^yiti2) = (ad.<)'(ad(,xj +.T2))-(ti2) ^ as [xl+xlh2] = 0. 
So (adxi)'=(yi)i2.3'-'" = (adxi)'=(2/i) + (adx2)'=(y2) + (adxi)'=-i(ii2) + (adx2)'=-i(ti2). When 
k is even, the sum of the two last terms vanishes. 

When fc = 1, = [^^yij + [3,2 ,^2] ^ 3*12 as = [xl,yl] = ti2, so 

[xl, yi]^^'^-- = [a^a, 2/a] + i^l, yl] as O12 is factored out. □ 



There is an expansion = '}Zk&2nu{i} ^^t^ ^ 



so 



fce2Nu{i} 

Then /_^^^.f = (/^^a("-^^'^)i2.3.....n = Efce2Nu{i} ^fe((adxi)'=(y^) + {^xlf{yl)) by Lemma 
14, so 

/^^ "1 = + i£fri(y«)- (11) 
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On the other hand, 

s>0,(ai,... ,as,6)e[g]''+i 

n-1 

+ ^u-'^^niixl, , [xl^ , tl,k+l]] + [xl^ , [xl^ , t2,k+l]]) 

k=2 s>0,(oi,... ,as)e[g]« 

+ E ^^l^'XiK r- -, K , ii2]] + [xl , • • • , [xl , t,2]]) (12) 

s>l,{ai,... ,Os)e[s]' 

for any w € C. Then: 

• IZ ^~aZ.a,h = bsSa,au-,a,,b where Es>o = V(e* - 1); 

• Ia V4C.^!a. = as /! ipl^,...,as = 0; 



jA„ V'ai,---,as — u »o 

f2 , ^UIJS • ■ J J J. I ZWZ I Zw' Z I I ZWw' J fZ ; -gW r\ 

• JAa ''hi,-, as IS independent on w as V^i.-.o^ = Wi,- ,as ,a, and J^^ ^/'^...,a„ = 0. 
To compute this integral, we assume that w lies on Aa and that the loop Aa is parametrized 
by 7 : [0, 1] — > C, with 7(0) = 7(1) = w. Then the integral under consideration appears as an 
iterated integral 

[\z:.,as = - [ {ixir^kt,as. 

JAa J0<t2<ti<l 

Using [a;^^, ■ • ■ , [a;^^,ti2]] = (— l)*[a;^^, • ■ • , [a;a^,ti2]], the contribution of the last line of (12) is 

- E (/ (7X7)*V'fe.,a.+(-l)^ / hxiri^lt,ai)[xl,--- ,[xl,tl2]] 

^>l, J0<t2<tl<l J0<t2<tl<l 

(ai ,as)e[9]« 

which, taking into account Va7:..ai = (— l)*V'a]^--aj,, is equal to 

E (/ (7X7)*V'fe,aJ[<,---,[<,tl2]] 

which vanishes as V'ii^..as = 0. 
All this implies that 

f z _ ad x}^ In ada;^ 2\ 
which, when compared with (11), ends the proof of Ui = U2. □ 



6. The flatness of ukz 



Z\...Z:. ..Zn 7 Zi.. .Z_! . "Zn 

Proof. 



Lemma 15. dz a,^'"-^'" " = dz.a. 



s>0,(ai,...,Os)e[s] = 

E (-i)>«^.ai(-irK.--- .K.id] = '^..«r-^--"- 

s>0,(ai,...,aa)e[s]« 

□ 



Proposition 16. ^a^^'"^'"^'' ,aj^""'"'^"] = 0. 
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Proof. [a,,a^] E adVn X^*' ® if^''^(2A,, + Efc^,,,(A,fe + A,fe))). 

Let us show that [a^, aj] is regular at each diagonal Aj^ (fc 7^ This quantity has a simple 
pole at this diagonal, with residue [tih, (o^jOiAifc]- The form {aj)\/^.^ is a linear combination of (i) 
the [xl^ , • • • , [xl^ , yl]], where ai , . . . , , 6 G [g] ; (ii) the [x^^ , • • • , [x^^ , f^;]] , where ai , . . . , e 
[gi] , Z ^ i,j,k', (iii) the [x^^ , • • • , [a;^^ , <ji + tjk]] , where ai , . . . , € [g] . Lemma 18 implies that 
these elements all commute with tik, so [tik, {oij)\A,k] = 0. In the same way, [a^, a^] is regular 
at each diagonal Ajk [k ^ 

Let us now prove that [ai,aj] is regular at A^j. We will assume i = l,j ~ 2. Let u 
be a nonzero rational differential on C. [ai,a2] = ■^[ai,0Jia2 + oj2Cti], so [Q!i,a2] has at 
most simple poles at A12, and resAi2[aiia2] = [ti2,C(ui]- According to Proposition 13, S 
Cti2 + im(tg,„_i — > tg,n,x M- 2;i2,3,... therefore [ti2,ai^] = 0, so resAia [o^i, 0:2] = 0. 

All this implies that [ai , aj ] G i?0(C",adP„ (g) K^c^ ® K^J^), and therefore identifies with 
an element /3 € H°{C",k''^^ (g) k'^^) (g) tg,„[2] (where the degree in tg,„ is given by |a;^| = 0, 

\y^\ = 1), such that 7^(^) = e'*<^^a(/3) for any {k,a) G [n] x [g]. 

Recall that tg_„ is N-graded by |a;^| = 1. Decompose /3 according to this degree, so (3 = 
X^s>0'^s- prove by induction that /3s = 0. Assume that jSg' — for s' < s, then 

13s G H°{C'',K^^'' (g) i^^^'^) (g tg,„[2][s]. Since H°{C'',K^^'' g) i^^^'^) ~ H°{C,Kc)'^^, there is a 
decomposition 

a,6e[g] 

For any fc G [n], (7^ - l)/3,+i = [x^,/3s]- 

If fc 7^ i, j, the r.h.s. is constant in the fcth variable. If / is a regular function on C such that 
(7a — 1)/ = Ca, where Ca are constants, then df is a univahicd differential on C, i.e. an clement 
of H°{C,Kc); as df = for any a G [g], df = 0, so / is constant. It follows that (3s+i is 
constant w.r.t. the fcth variable. 

If now cj is a regular differential on C such that (7^ — l)uj = Ua, where are differentials, 
then Y.ae[a] = «• Therefore Ea,6eM K> /^f J'^f = Ea,6eM /^f = 

It follows that {I3f')a,b£[g] Satisfies 

V6 e [5], ^ [.x;, /3f ] =0, Va G [5], /3f ] = 0, [xl,f3f] = 

ae[g] bG[s] 

and belongs to [V^,, Vj\, where C ig,„[l] is the linear span of [x\^ , [x^^ , yb]], [x^^ , [x^^ , Uk]], 
where ai, . . . ,as,b G [g] and k i. 

Proposition 20 then implies that = for any a, b, therefore l3s = 0. □ 

Corollary 17. ukz G J^i°^- 

This proves Theorem 3. In particular, axz can be used for establishing the formality The- 
orem 1 and for constructing the extended morphism (9). 

7. Postponed proofs: algebraic results on tg,„ 

Lemma 18. The following relations hold in tg^n ■ 

1) tj, = Uj, ifij^j; 

2) [tij,tik + tjk] — 0, if i,j, k are all different; 

3) [tij,tki\ = 0, ifi,j,k,l are all different; 

4) [v* + ,tij] =0, ifi^j and v gV. 
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Proof. U VjW € V, then = [v^,w^] + [w^ ,v^] = {v,w)tij + {w,v)tji = {v,w){tij — tji). This 
imphes 1). 

livGV and i ^ j, then = [v^, Ea[4> 2/i]+Efe#i Uk] = Ea(^. Xa)[tij,yi]+T,a{^^ ya)[4> + 
[v^ ,tij] = [f* + ,tij], which implies 4). 

li w G V and i,j,k are different, then = [w'', [if + v^,tij]] = {v,w)[tki + tkj,tij], which 
implies 2). 

If G V and i,j,k,l are different, then = [w', = {w,v)[tki,tij], which implies 

3). □ 

The Lie algebra tg,„ therefore admits the presentation tg,„ = ^{x\,ya,tij\i, j € [n],a G 
[g])/{Ro,Ri,R2), where the relations are: 
(i?o) [4,41=0 if i^i; 

(^i) [xi,yl] = Sabtij if i j; tji = tif, [xi + xi,tij\ = [xl,tij\ = if i,j,k are distinct; 

Ea[4,yi] + Ejy^, = 0; 

(■R2) [y'a,yl] = if i ^ j; [yi + yi,tij] = [y^Uj] = if i,j,k are distinct; [Uj + tik,tjk] = 
[tij, tki] = if k, I are distinct. 

Here L(F) is the free Lie algebra on a vector space V and if S is a set, then L(S') := L(y), 
where V = C^^^ is the vector space with basis S. 

If the generators are given the degrees \xl\ = 0, \tij\ = = 1. then the relations Ri are 
homogeneous of degree i {i — 0,1,2). According to [JW], the quotient h{xl^,yl,tij)/ {Rq, Ri) 
is isomorphic to L(y) xi f®", where V is the f®"-module with generators ya,tij and relations: 
^a'Vb ^ ^abtij li i j; tji ~ tij'. [x]^ + 4) ' tij = x\ ■ tij = if i, J, k are distinct. This is an 
isomorphism of graded Lie algebras, where f®" has degree and V has degree 1. It follows that 
there is an isomorphism of f®"-modules 

tg,„[2]~L2(F)/(ii2), 

where [R^) C L2(y) is the f^^-submodule generated by J?2- 

Define f®"-modules Mi, Mij as follows. Set F := U{fg); this is the free associative algebra 
over generators Xa, a G [g]. Denote also by F the left regular i^-module (the action is x-f := xf). 
There is a unique F-module morphism F F®^ , f i-)- (/xi, . . . , fxg). We then define a F- 
module M := Coker(F ^ F®9), Define a F^^-module M12 := F'^^'^/lleft ideal generated by 
the (8> 1 + 1 (g) Xa, a G [<?]), where F®^ is viewed as the left regular F®^-module. Then the 
F'^^-module M12 identifies with F, equipped with the action (x ?/) • / := xfS{y), where S is 
the antipode of F, under the map F®^/ (ideal) — > F, (class of / ® g) i->- fS{g). 

Set Mi := Pi{M), where pi : F®" ^ F is the morphism pi = e®*"! (gi idOe®""', and 
Mij := p*j(Mi2), where : F®" F®^ is given by Pij = e®'-^ (g) id(8)e®^-'-i id^e®""-? if 
i < j, and = (e : F — >■ C is the counit of F). Then Mi and are F®"-modules, and 
MjiC^iMij. 

Recall that C F is the linear span of the [x^^ , . . . , [x^ , y^]], [x\^ , . . . , [a;^ , tj^]], ai, . . . ,as,b £ 
[5], i 7^ and may be viewed as the f®"-submodule of V generated by ya,tij, a G [g],j'^i- 

Proposition 19. There are exact sequences of f®'^ -modules — >■ ®i<jMij — >■ 1/ — >• ©jMj — >• 
and ®j:j^iMij -> ^ -> 0. 

Proof. The quotient of by the submodule generated by the tij is clearly isomorphic to (BiMi. 
For any i < j, there is a unique morphism Mjj — > given by (class of u (g) w) ^ u'-^^v^^^ ■ tij, 
which gives rise to a morphism ®i<jMij — >■ 1/ such that ®i<jMij V ^ (BiMi — > is exact. 

It remains to prove that S)i<:jMij V is injective. Set M := m/j**"'^''^^^ ©fI"!''!^], Denote 
the map M12 M corresponding to by m i->- rriij and the map F ^ M corresponding to 
{i, a) by m H. ml''"!. Let also / be the morphism F F®", / ^ 1®^"! (g) / l®"-^. 
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If j > i and m € M12, we set rriji := {m'^^)ij, where m m?^ is induced by the exchange of 

factors of 

There is a unique _F®"-module structure over M, such that • nnj — ((/ ® l)r«,),j, 
f(i)-m^j = ((l(^/)m),j, f^^'^-m,j = e{f)mij lik^ and /(^) -toI*-"! = (/m)[*'°l, /0).m[*'"l = 
(m (g) da{f))ij if i 7^ j, where : F ^ F is defined by / = e{f)l + J2ae[g] 9a{f)xa- 

There is a unique morphism p*{F) M, given by / X^„(/a;a)['"l + Y^j-.j^iif ^ Set 
M. := Cokcr(©ip*(F) — > A^). There is a unique morphism V — > A^, such that i-> l'*"' and 
tjj (1 (g) The composed morphism (Bi<jMij V ^ is injective as {(Bi<jMij) n 

im(©ip*(F) -> 7W) = {0}. It follows that ®i<jMij V is injective, as claimed. 

The image of the composed map Vi — )• F — )• ®jMj is Mi, and the kernel of — >■ Mj is 

Vi n {(Bj<kMjk) = (Bj:j^iM,j. a 

This exact sequence from Proposition 19 gives rise to a filtration C Vq C Vi — V, where 
Vo = gro(V') = (Bi<jMij and gri(V) = (BiMi. It induces a filtration on X := h2{V), namely 
c X„ c Xi c X2 = X, with Xo = A2(Vb) and Xi = Fo A Fi. Then gr(X) = A^{gr{V)), 
explicitly 

gr2(^) = A'(M,) ® Mi ® M„ 
gri(X) = Mi^Mjk, 

i;j<k 

and 

gro(X) = A2(Xo) = A2(Mi,) M^,- ® Mfe^ 

i<j i<j;k<l;{i,j)<(k,l) 

where the lexicographic order is implied. 

The submodule Y := {R2) C X is then equipped with the induced filtration C Iq C Fi C 
Y2 = Y, where Yo:=Yn Xq, Fi := F n Xi. 

Recall that 

y = ^ F®" . [yl yl] + ^ . [yi + yi, Uj] + J2 • iVa' tij] 

i<j;a,b i<j;a i<j;k^{i,j};a 

+ F^"-[tij,tik+tjk]+ 

\{i,j.k}\=3 |{ij,fe,;}|=4 

If z < j, then for k^i,j and any c, • [yl, y^ = 6bc[yl, tkj] - Sadvl ^ ^*fe] and ■ [yl + yl, Uj] = 
5ac[tik + tjk,tij]. Hi <j and k ^ {i,j}, then for any I ^ {i,j,k}, xj, • [yl,tjk] = Sac[Ui,tjk]- If 
[{i,j,k}[ 3andZ ^ {i,j,fc},then x[-[Uj ,Uk+tjk] = and if j, A;, Z}| =4andm ^ {i,j,k,l}, 
then • [tij,tki] = 0. All this implies that 

i<j:a,b i<j;a i<j;k^{i,j};a 
+ ^ ^{i,j,k} • [tij,tik + tjk] + ^ F^i,j,k,l} ■ [tij,tkl] = 5]l H h S5, 

|{ij,fe}|=3 |{i,j,fc,;}|=4 

where for S C [n], F5 C F*^" is ®f^iF5(i), where Fs{i) = F is i G S and C otherwise. Each 
of the summands is a F®"-module via the natural morphisms F®" -> Fg. Here Si, . . . , S5 
denote each of the summands. 

We have obviously E4 + E5 c Fq, ^2 + . . . + E5 c Yi. 

It follows from the second inclusion that if K := Kcr(©i<jF|^'j^j'^' — ;> X/Xi) (the map being 
{kr,abkr,a,b ^ Ei<r,a,bkr,a,b ■ [ylyi]), then Fi = iia{K ^ y) + (S2 + . . . + S5). While 
X/Xi = gr2(X) = eiA^(Mj) e 0i<,- Mi® Mj, the map defining ii" is the direct sum over the 
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pairs (i, < j of the maps ^ M, ® Mj defined as -F{f/}^' ^ F®a ® i7©9 ^ M'^^ ^ 

Mj (g) Mj. It follows that is the direct sum over the pairs of the kernels of each map 
corresponding to This kernel is im(F®f (g) F ® F F®^ F®^ (g) F®f ), where the maps 

j?ffi9 ^ ^ffis are identity maps and F — s- F®^ is / i—> (/a^i, • • • , /xg). Its image in Yi is therefore 
the F|i_j}-submodule generated by all the Y.a ' ivl^ vl] ^ I^]) and J2b ^1 ' [^a- ^b] (« ^ [^D- 
As these elements are equal to [y* + yi^tij] and [tij,yl + yl], these submodules are contained 
in S2. It follows that 

Fi = S2 + . . . + Eg. 

Moreover, 

gr2(y) = im(y ^ X/Xi) = im( ^ F^,,,-} • [yl,yl] ^ X/Xi) 

z<j;a,6 

= ei<jMi(8)Mj. (13) 

Since S4 + S5 c lo and Yi = S2 H h S5, 

Yo = Kev{Yi ^ Xi/Xo) = S4+S5+Ker(S2+S3 ^ Xi/Xq = gri(X)) = S4+S5+im(i^' ^ F), 

where K' = Kcr(0^<^-.^_^._^. F{j_^- 8 0i<j- F|!;_^} -)■ Xi/Xq), the map being the sum of over 
■i,j,k {i <j;kj^ of 

a 

and over j (i < j) of 

: F(, .y ^ {F^'y ^ gri(X), (/„ 5a)a E /^'^^i'^ " + vl 

a 

The image of tpij/j is contained in Mk^Mij, and the image of tpij is contained in (Mj©Mj)(g>Mjj, 
therefore /T' is the direct sum of the kernels of these maps. 

The map Lpijk is isomorphic to the tensor product {F^ M) ® (F®^ — > Afi2), which is 
surjcctivc and whose kernel is Ylia F^ ®F'^'^{xa®l + l®Xa)+ira{F Ff)®^®^. It follows that 
the imago of Ker ipijk in Y is the F®"-submodule generated by • [y^ , tjk] — — ^i^i [tu , tjk] 

and the (x^ + x^) ■ [yl, tjk] = SablUj + Uk, tjk] {a, b e [g]), which is contained in S4 + S5. 

The map tpij is isomorphic to the map 

(F F)9 ^ (M M12)®' = ((FVF*'*^ • (xi, . . . , xg)) F)®2, (14) 

(/a 5a)aeM ^ (/i'^ ® /i'^^(<7a))aeM ® (si'^ ® <7i'^^(/a))a6M • 

The two maps {F(^F)^ ®F defined by these formulas are surjcctive, and the preimage of 

jpdiag _ i^xi , . . . , 'S^ F under each of them is (^F^^^^ F^ • (xi 1 -h 1 xi , . . . , Xg (8)1 + 1(8) Xg). 
It follows that KeTipij is the F^'^.^^l-submodule of F^.^y generated by J2ai^a + ^o)- Its image 
in Y is the F®"-submodulc generated by Ea(-< + ^i) ' [vi+vLtij] = -T^k^^iji^ik + tjk,tij] 
and is therefore contained in E4 + E5. Therefore 

Fo = S4 + S5 + im(/s:' ^ y) = S4 + Ss- 

It follows also that the two maps from (F9(8F)/(F''*"9(8)F)-(xi (81 + 1(8X1, . . . , Xg(8l + l(8a;g) to 
Mi<S:Mij and Mj^Mij derived from (14) are isomorphisms (in particular, Mi^Mij and Mj^Mij 
arc isomorphic). The image of '^jj is then a diagonal submodule {M^M\2)ij C {Mi®Mj)<S:Mij. 
Then 

gri(y)= Mft(8My ©0(M0Mi2)i,-. (15) 

i<j;kjti,j i<j 
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Recall that 

gro(X) = Mij ®Mki(B (My ® Mn, © Mij ® Mjh © Mih ® Mjh). 

\{i,j,k,l}\=4;i<j;k<l;i<k i<j<k 

S4 + S5 C gr2(X) is compatible with this decomposition, so 
gro (y ) = S4 + S5 = Mij ® Mki 

\{i,j,k,l}\=4;i<.j;k<l;i<k 

© im {P{i,j,k} ■ [tij,Uk + tjk] + F{i,j,k} ■ [tik,Uj + tjk] + P{i,j,k} ' [tjk,Uj + Uk] 

i<j<k 

-)■ Mij (g) Mik © Mij (g, Mjk © Mik «) Mjk) ■ (16) 

The filtration of X induces a filtration on tg,n[2] = X/Y, whose associated graded is according 
to (13), (15) and (16) 

gr2tg,„[2] = ©iA2(Mi), (17) 
gri tg,„[2] = ®iMi O Mij, (18) 

gro tg,„[2] = ®i<:j<kMijk, (19) 

where M123 is the F®^-modulc with generator CJ123 and relations {x]^ + + xj^) • UJ123 — 
for a G [(?], W(T(i)cr(2)(T(3) = ^(o')'^i23 for a € S3, and Mijk is its pull-back under the morphism 

p<S>n _^ p<g,3 associated to {i,j,k). 

Proposition 20. Let il3ab)a,be[g] ^ family of elements of [Vi,Vj] such that: (a) each j3ab 
commutes with the x^, c e [g], k ^ i,j; (h) V6 e [g], Eae[s]K>/^a6] = 0/ (<^) ^o- ^ [o], 
^be[g\ K' Po.b] = 0. Then fiab = for any a, b. 

Proof Recall that the F®"-module Z := tg,„[2] admits a filtration {0} C Zq C Zi c Z2 = Z. 
Lemma 21. [Vi,Vj] C Zi. 

Proof of Lemma. This means that the map ["t^,!^] — > gr2tg,„[2] is zero. The image of 
this map is the same as that of Vi ® Vj — > L2(V) — > gr2L2(V') gr2tg,„[2]. The image 
of Vi (g> Vj h2{V) gr2L2(y) ~ 0^ A2(M„) © 0„<^ Ma (S> Mp is Mi O Mj, whereas 
L2(y) — > gr2tg_„[2] is the natural projection on 0^A^(Ma). It follows that the image of 

Vi^Vj ^ gr2 tg^„[2] is zero, as wanted. □ 

Let C be the category of F®"-modules M equipped with a N-grading compatible with the N- 
grading of F®" given by |a;^| = 1, and where the morphisms are restricted to be of degree zero. 
This is a tensor subcategory of the category of all F®"-modules. The modules Mq, (a € [g]), 
Ma/3 {a < (3 e [g]), M^/jj (a < /3 < 7 € [g]) are objects in C. 

Let us say that the F®"-module M has property (P) if the map 

_^ M^gfxiln]-{i,j}) ^ ^[g] ^ ]^[g] ^ 

{l^ab)a,belg] (^c ' Pab)a,b,celg];k^i,j © ( ' /5ca)ae[g] ® ( 5Z ' ^oc)ae[g] 

ce[g] ce[g] 

is injective. 

Lemma 22. 1) If M c N is an inclusion of F^"- -modules and N has (P), then M has (P). 

2) If M = M° D M^ D • • • D M** = {0} is a sequence of inclusions of F^'^ -modules and if 
each M'/M^+^ has (P), then M has (P). 

3) IfM,N are objects of C and M or N has (P), then M ® N has (P). 

4) The modules M„^ (a < P) and M^p-y (a < (3 <^) have (P). 
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Proof of Lemma. 1) and 2) arc immediate. Set S := [g] x[g],T :— [g]^ x{[n]- {i-j}) U [g] U [g] , 
then the map involved in propcaty (P) has tlie form M^' — > M"^ . If M is an object of C, this 
map decomposes as a direct sum of maps Mf for « > 0, where M — (Bi>oMi is the 

decomposition of M. Let M, N be objects of C with decompositions M = ®i>oMi, N = (Bi>oNi 
and with property (P). The map involved in property (P) for M ^ N is the direct sum over 
fc > of maps / : {(Bi+j=kMi Nj)^ {(Bi+j=k+iMi Nj)"^ , where each component 
of the source is mapped to components {i + and {i,j + 1) of the target. It follows that / 
is compatible with the decreasing filtration of both sides, for which F"{{(Bi+j=iMi (g> Nj)-^) = 
{®i+j=i;j>aMi (g) Nj)^ {I = k,k + 1; X = S,T). and the associated graded map is g (g) id : 
^k-a ® ^^fc+i-Q; ® ^a, whcrc g is the restriction of the map attached to M to degree 

k — a. As this map is injective, so is /. This proves 3). 

The F®"-module Map identifies with F, equipped with the action x^''^ •/ := s{x)f {k 7^ a, 
^{a) _ J .„ ^(p) , J ._ fs{x) for X € F. The actions of and of on Map are therefore 
injective. If (a,/3) ^ (i, j), this implies that Mafi has property (P). If now (/o&)a,6e[s]x[s] G 
^ p[g]A9] is such that for any 6 G [g], Y.c< ' fch = 0, then J^c^cfcb = 0, which 
implies, as F is a free algebra, that fab = for any a, b. So Mij has property (P). 

Map-y is a subobject of the object Wap-y of C defined as F'^^/J2ae[g] F'^^ {xi^^ + x'i'' + x''a'' ) , 
where the action of i^®" is given by x'-''^ ■ f = e{x)f {k ^ {a,/3,7}), x^"^ • / = (.x (g) 1 ig) 1)/, 
x^'') . / = (1 (g) X (g) 1)/, x^t) • / = (1 (8> 1 (g x) f. This module identifies via f ® g ®h ^ 
fS{hM^) (E) gS{h^^'^) with F^^, equipped with the following action of F^": x^^^ ■ f = e{x)f 
(k i {a, /3, 7}), . f = {x® 1)/, x^/^) . / = (1 (g) x)/, a;(^) ■ f = f{S® S){x). Choose A; in 
{«,/?, 7} different from i or j. Since F®^ is a domain, the above description shows that the 
action of x\ on Mafi-y is injective for any c. This implies that Map-y has (P), and therefore that 
Map-y also has (P). □ 

End of proof of Proposition 20. Z\ admits a filtration Zq C where both Z^/Zq = 
gr^ tg,„[2] and Zq = grQt(,_„[2] have property (P) by virtue of (18), (19) and Lemma 22, 3) and 
4). By the same Lemma, 2), Zi has therefore property (P). [Vi,Vj] C Z\ by Lemma 21, so 
Lemma 22, 1) implies that [Vi, V^] has property (P), as claimed. □ 
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